Radio-frequency experimental measurements of magnetically coupled chains of L-C resonators supporting magneto-inductive (MI) waves are presented. MI waveguides are constructed using printed circuit board (PCB) inductors and external capacitors. Methods for increasing the nearest-neighbour coupling and reducing the non-nearest neighbour coupling using double-sided PCBs are demonstrated. Conditions for low propagation loss are determined, and a method of approximate matching to 50 transmission lines is presented. Propagation losses of 0.12 dB per element and coupling losses of 0.4 dB are achieved, using elements with Q-factors of 110 at ≈150 MHz frequency. Simple recursive Fabry-Perot filters are demonstrated by inserting reflectors into the waveguide.
Introduction
Magneto-inductive (MI) waves are predominantly magnetic waves that can propagate in periodic arrays of magnetically coupled resonators.
They are supported by chains of L-C resonators [1] [2] [3] and have been observed in 'Swiss roll' metamaterials [4] . Theoretically, they can couple to electromagnetic waves [5] , and exhibit the phenomena of reflection, refraction and diffraction in two-and threedimensional arrays [6, 7] . They have complex dispersion characteristics, and methods of forming quasi-optical components such as filters, splitters, couplers and phase shifters are being developed [8] [9] [10] .
Their dispersion characteristics have been verified [2, 3] , and planar MI waveguide components have been demonstrated [11] , as has a form of sub-wavelength imaging based on 2D sheets [12] .
MI waveguides are similar to earlier periodic arrays of electric or magnetic resonators, such as cylinders [13] , dipoles [14] and loops [15] , and to more recent work on microstrip coupled resonator filters [16, 17] and split ring resonators (SRRs) [18] [19] [20] . At optical frequencies, analogies exist with chains of coupled dielectric resonators [21] , cavities [22] and nanoparticles [23, 24] . They can be modelled using the periodic circuit representations developed for electromagnetic band-gap (EBG) structures [25] [26] [27] , and have much in common with acoustic waveguides as described in Brillouin's classic work [28] . Potential applications are similar 2 Author to whom any correspondence should be addressed.
to those of EBG structures, such as compact delay lines and filters.
If MI waveguide components are to be developed successfully, a key requirement is to demonstrate low propagation loss and simple methods of interfacing to standard transmission lines. At present, losses are excessively high. For example, in [2] , the minimum attenuation obtained with axial MI waveguides based on elements with Q-factors of ≈50 and operating at ≈60 MHz was ≈1.5 dB per element. These losses are high enough to prevent the construction of viable recursive filters. However, the lack of matched terminations meant that only the high loss allowed the waveguide characteristics to be extracted without the masking effect of standing waves arising from end reflections. Lower losses (a total insertion of ≈3.5 dB for 5 elements) were reported for a much shorter line in the alternative planar configuration [11] .
The aim of this paper is to demonstrate advances in all three areas. In section 2, we briefly review the underlying theory of MI waves. In section 3 we show how experimental coupling coefficients may be controlled and maximized using resonant elements based on double-sided printed circuit boards (PCBs), how approximate matching to 50 transmission lines may be achieved and demonstrate MI waveguides operating at RF frequencies with considerably lower insertion loss than hitherto. We then demonstrate elementary Fabry-Perot filters based on MI waves, by deliberately inserting different types of reflectors into an otherwise uniform waveguide. Conclusions are presented in section 4. 
Theoretical background
In this section, we briefly review the theoretical background [1] [2] [3] . Figure 1(a) shows the geometry of a MI waveguide supporting forward waves. The structure consists of a set of L-C resonators spaced at a distance a apart. Figure 1 (b) shows a lumped element equivalent circuit for low frequencies.
Assuming that the coupling is restricted to nearest-neighbours, the currents I n , I n+1 and I n−1 in three neighbouring elements are related by
Here ω = 2πf is the angular frequency, R and L are the resistance and inductance of each element, C is the capacitance and M is the mutual inductance. Assuming a travelling wave solution I n = I 0 exp(−jkna), where k is the propagation constant, we obtain
Here, ω 0 = 2πf 0 = 1/ √ (LC) is the angular resonant frequency of each element and f 0 is the temporal resonant frequency. Similarly Q = ωL/R is the Q-factor and κ = 2M/L is the coupling coefficient. For positive κ, the waveguide supports forward waves. In the alternative planar configuration, κ is negative and backward waves are supported [1] [2] [3] .
Assuming now that k is complex, so that we may write k = k -jk , we obtain
If the losses are small, k a 1 and we may find an approximate solution in the form:
The upper equation in (4) is the dispersion relation for loss-less waves. Propagation is obtained only over the frequency band
, whose extent depends on the value of κ. In the loss-less case, k a → 0 at the low-frequency limit, while k a → π at the high-frequency limit. At the band centre, k a ≈ π/2. Differences between the exact and the approximate solution occur at the band edges, and the effect of loss is to allow high loss propagation outside the ideal band. The lower equation in (4) gives the approximate variation of loss. Loss is minimized at mid-band, and the smallest value of k a is 1/κQ. Low propagation loss therefore requires high-Q elements, strongly coupled together. However, since the maximum theoretical value of κ is 2, there is a limit to the lowest possible loss. Furthermore, if the coupling is strong, modifications may be needed to the theory. In general, coupling between each element and an arbitrary number of neighbours may be significant. The number that must be taken into account is determined by the rate at which the coupling coefficient varies with element separation. If many couplings are involved, it is difficult to design devices with simply controllable characteristics.
In addition to low propagation loss, low coupling loss is required. In an earlier work [1, 3] it was shown that an abruptly terminated MI waveguide could have zero reflection when additional impedance Z T was inserted into the final element. If this is done at element n, equation (1) modifies to
Assuming a current wave I n = I 0 exp(−jkna) is incident, a comparison between equations (1) and (5) shows that there will be no reflection if
A key consequence of equation (6) is that the impedance of a MI waveguide is neither real nor constant, being dependent on the mutual inductance and the frequency. The task of providing a termination is therefore non-trivial. In [1, 3] , it was shown that the problem was simplified if only a single frequency needed to be considered. For example, at mid-band, when ka = π/2, Z T has the (real) value ω 0 M. Insertion of a resistor of this value into the final element would therefore provide a reflection-less termination at mid-band, with increasing return loss towards the band edges. However, more generally the task is to provide broad band matching to a component with real impedance that is different from ω 0 M.
Experimental results
In this section, we describe the results of experiments with MI waves at RF frequencies. We first propose a simple method of reducing the effects of non-nearest neighbour coupling. We then demonstrate low-loss guides and show how input and output coupling may be optimized. Finally, we demonstrate simple Fabry-Perot filters using MI waves.
Coupling characteristics
The previous section suggests that the best performance will be obtained from elements that are coupled strongly to their nearest neighbours and only weakly to non-nearest ones. One suitable structure is shown in figure 1(c) . Here the inductors are replaced by solenoids, of length L c , so the distance between the coil ends is a − L c for nearest neighbours, 2a − L c for second neighbours, and so on. The effect is to move nearest neighbours relatively closer to each other than higher ones, so that their coupling is enhanced. Assuming (for example) that the axial decay of the magnetic field follows an inverse power law with exponent p, we would expect the coupling ratio ξ = κ(2a)/κ(a), which describes the relative significance of second-neighbour coupling, to modify
To investigate the concepts above, resonant elements were constructed from PCB inductors based on Cu tracks on 1.5 mm thick FR-4 substrates. The PCBs were designed for vertical insertion into grooved nylon baseboards, and carried square 3-turn spiral inductors. Two layouts were investigated: singlesided coils (design A in figure 1(d) ) and double-sided coils, intended as an approximation to the design in figure 1(c) (B in figure 1(d) ). Devices were configured into resonators using surface mount capacitors, and electrical characteristics were measured using an Agilent E5061A ENA Network Analyser.
To measure the coupling coefficient, two elements were inserted into a baseboard at a defined axial separation. The resulting coupled resonator system was excited using a weak inductive probe and the scattering parameter S 11 was measured. Two resonances were observed. These correspond to symmetric and anti-symmetric modes of the two-element system, which have angular frequencies
The corresponding temporal frequencies f 1 and f 2 were then compared with the resonant frequency f 0 of an isolated element, allowing κ to be determined as
Figure 2(a) shows the experimental variation of κ with axial separation a, for single-and double-sided coils operating at f 0 ≈ 150 MHz. Similar results were obtained at other frequencies in the range 50-400 MHz. For the single-sided coils, the variation follows an inverse square law, to a reasonable approximation. However, the rate of decay is lower at small separations and higher at larger ones. For doublesided coils, the variation is very similar but shifted by the PCB thickness. In practice, the axial separation is restricted by the element thickness, for example to the region to the right of the dashed line. Double-layer coils have a consistently higher coupling coefficient than single-layer coils over this range. The data were then used to estimate the coupling ratio ξ as shown in figure 2(b) . Double-sided coils clearly show a significant reduction in ξ , by around 30%. Based on the above, doublesided coils offer significant advantages for MI waveguides. figure 3(a). All elements used had resonant frequencies in the range 156.4 ± 0.7 MHz, and Q-factors of ≈110 (determined from their band-pass characteristics). Several transducers were investigated, including directly connected inductors and resonators, and resonators excited inductively by closely spaced inductors. The latter consistently gave the lowest insertion loss. Figure 3(b) shows the frequency variation of S 21 , for 30 element guides with different element spacing a. High transmission is only obtained over the MI wave passband. The width of the pass-band clearly increases and the loss reduces as the elements become more strongly coupled. There is some evidence of a sidelobe at the higher frequencies. The minimum axial spacing is limited by the thickness of the PCB and capacitor, and the minimum insertion loss is 5.5 dB for a = 2.5 mm. By comparison, the equivalent loss obtained in an earlier experiment was 50 dB [2] .
Waveguides
Even longer lines were constructed; for example, figure 3(c) shows the variation of S 21 with frequency for guides with a = 2.5 mm and up to 70 elements. Figure 4(a) shows the variation of minimum loss with guide length obtained from this data, again for lines of different axial separation. Here, the data labelled 'RT' will be discussed later. For the most strongly coupled line, with a = 2.5 mm, the intercept and slope allow coupling and propagation losses of 1.7 and 0.12 dB/element to be extracted. continuous line is found using the estimate k a min ≈ 1/κQ, assuming experimental values of Q and κ from figure 2(a). The measured losses are higher than the estimates, by a small amount that can be attributed to scattering. Figure 4 (b) also shows estimates for single layer coils; the losses are consistently higher, due to weaker coupling.
Matching to conventional lines
Waveguide performance is strongly affected by coupling loss in addition to propagation loss. As has been mentioned, the best results were generally obtained by connecting the network analyser to single-sided coils and then inductively coupling these coils to the first and last elements as shown in figure 5(a) . We now provide an explanation. Assuming that M is the mutual inductance between the final element and the output coil, which has inductance L , the governing equations for the last two elements are
Here, R L is the impedance of the network analyser. Using the lower equation to eliminate I n+1 , and assuming for now that R L ωL , we obtain
Comparison of equations (9) and (5) shows that the overall effect of this arrangement is to insert additional resistance Z T into the last element, where
Mid-band matching will therefore be achieved when Z T = Z T .
Making an assumption valid for closely coupled inductors that M 2 = c 2 LL (where c is a constant that lies between 0 and 1), it is simple to show that the optimum output coil inductance
Equation (11) implies that a larger output inductance will be required as the coupling rises. This concept was investigated using an available set of single sided inductors, with the layout of figure 1(d) but with different numbers of turns, which provided a discrete set of Figure 5(b) shows the frequency variation of S 11 , for 70 element waveguides based on doublesided resonant elements arranged with a = 2.5 mm, using input and output transducers with 2, 3, 4 and 5 turns. Clearly, the coupling is optimized for 2-turn transducers, when S 11 is minimized. Figure 5(c) shows similar results for guides with different axial separations, using 2-turn planar coils as transducers. The optimum matching point clearly tends to the mid-band as the coupling strength reduces.
To improve coupling further, the inductance L can be cancelled at mid-band by a series capacitor, thus eliminating the approximation leading to equations (9)- (11) .
To investigate this concept, the 2-turn transducers were arranged to resonate at 155 MHz. Using resonant transducers, the data labelled '2.5, RT' in figure 4(a) were obtained for guides with 2.5 mm axial spacing. The minimum loss per element is as before, but the coupling loss is reduced to 0.4 dB. It was also found that the optimum matching condition had shifted to midband (the data labelled '2.5, RT' in figure 5(c) ).
Filters
In [9] , it was shown that a local variation in mutual inductance between otherwise identical elements could give rise to a controllable reflector. Such differences may easily be realized by varying the separation between elements. Using nearestneighbour theory, the reflection coefficient for current waves was found to be
Here, µ is the ratio of the mutual inductance at the reflector to the value elsewhere. At mid-band, when ka = π/2, the reflection coefficient simplifies to
As µ tends to zero, the reflectivity tends to −1, the value obtained for a line with an un-matched termination. Figure 6 (a) shows how such a reflector can be used to form a Fabry-Perot filter. Here, the first reflector is constructed by increasing the separation between two adjacent elements in an otherwise uniform MI wave-guide, locally reducing the mutual inductance to M so that µ = M /M. Experimentally, such a reflector was constructed by omitting one element from a 30-element line with a = 3 mm. The coupling data in figure 2(a) was then used to estimate the mutual inductance ratio and reflectivity as µ = 0.336 and = −0.8, respectively. The second reflector was provided by a poorly matched termination, obtained by reducing the mutual inductance between the last element and the output transducer from M to M . In this case, the reflectivity was expected to be closer to −1.
The N elements between then form a resonant cavity. In [9] , it was shown theoretically that high transmission should occur when ka ≈ νπ/(N + 1), where ν = 1, 2, . . . , N. Here, the use of an approximate equality follows from the complex, frequency-dependent nature of . Figure 6(b) shows the frequency variation of S 21 for two different values of N . As expected, for N = 1, there is a single peak in transmission at mid-band, when ka ≈ π/2, and there are two peaks for N = 2. In each case, it was verified that the cavity finesse could be varied, by altering the reflectivity of the first reflector using different spacings.
The addition of loads or other impedance modifications to individual elements may also generate reflections. For example, if a series resistor R L is inserted into a single element, the reflection coefficient can be shown using nearest-neighbour theory to be = η exp(−jka)/{exp(+j2ka) − 1 − η exp(+jka)}. (14) Here η = R L /jωM is the ratio of the load resistor to the mutual impedance. At mid-band, assuming that R L is written as a multiple α of the optimum value ω 0 M discussed earlier, η = −jα and the reflection coefficient simplifies to
Network analyser When α = 1, we therefore obtain = 1/3; with higher values of α, increases towards +1. Figure 7 (a) shows such a reflector can be used to form an alternative Fabry-Perot filter. Here, the first reflector is constructed by loading one element with the output transducer, while the second one is now provided by an entirely unmatched termination. The N elements between again form the cavity. Although further work is clearly required to improve matching, these two structures clearly demonstrated that propagation losses are now sufficiently low for recursive filter operation and represent elementary demonstrations of MI signal processing devices.
Conclusions
In this paper, several advances have been made in the practical application of MI waves.
These include the development of high-performance resonant elements based on PCB inductors, methods of controlling the coupling between elements, methods of matching to conventional transmission lines, and the demonstration of low-loss waveguides. The guides perform well, and behave in line with the predictions of equivalent circuit theory. Minimum propagation losses of 0.12 dB/element have been demonstrated, using much higher coupling coefficients than hitherto. Coupling losses of 0.4 dB have been demonstrated using transducers that approximately match the MI waveguide impedance to 50 at mid-band. Even though the matching is effectively single-frequency, the transducers are surprisingly effective, and the oscillations in transmission that normally occur due to multiple internal reflections are significantly reduced across the whole band.
The combination of low propagation loss and low-end reflection has allowed a demonstration of simple quasi-optical filters. 
